EQUATIONS OF THERMOHYDROMECHANICS FOR DESCRIBING THE PROCESSES
OF MASS CRYSTALLIZATION OUT OF SOLUTIONS AND THE GAS PHASE
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The equations of thermohydromechanics of a two-phase polydisperse medium, taking into
account growth of crystals only, were obtained in [1]. In this paper, the process of mass
crystallization is described taking into account the phenomena of homogeneous, hetero-
geneous, and secondary nucleation. Relations are obtained for the motive forces for nuclea-
tion and mass transfer accompanying the growth of crystals.

1. We shall examine a heterogeneous mixture of two phases, of which the first phase
is the carrying phase (solution of gas), while the second phase is present in the form of
separate particles of various diameters, under the assumptions used in [1, 2]. The nuclei
can form by homogeneous as well as heterogeneous and secondary paths. The secondary
nucleation arises due to abrasion of crystals by the carrying phase.

Let us introduce at each point of the volume, occupied by the mixture, the volume con-
tent of the phases aj, a3 (i = 1, 2). We assume that the nuclei are an independent phase:
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where the dispersion is characterized by the function f(r)dr, which is the number of parti-
cles per unit volume whose size (volumes) falls in the range r — dr, r + dr; the indices

are as follows: 1 indicates the carrying phase; 2 indicates the dispersed phase; 3 indi-
cates the nuclei; r is the volume of a particle; p, p:, and p3 are the density of the entire
mixture, the carrying phase, and of the crystal, respectively, ns; is the number of nuclei
per unit volume (ns = f3rs, @3 = TaNa, Ps = ParsNs). Following [1], we introduce the con-
cept of the r phase: a collection of particles whose sizes (volume) fall in the interval

(r — dr, r+dr). Let us denote by yY(r)dr the number of nuclei formed per unit time and

unit volume from particles belonging to the r-th phase; let Iz = I, + I3y denote the number
of nuclei arising per unit time and unit volume; I;, is the rate of homogeneous, hetero-

R
geneous nucleation; Isy is the rate of secondary nucleation (};u==.§1p00dr . Then, the equa-
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tions for conservation of mass of the carrying (r-th) phase of nuclei and the masses of the
component in volume T will assume the form
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where S is the surface of volume T; n is the rate of change of the volume of a particle; ¢
is the mass concentration of matter in the solution; vj is the velocity of the i-th phase.
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Applying the Gauss—Ostrogradskii equation and passing to the limit Ar -, we obtain
the differential equations for balance of the number of particles, nuclei, conservation of
mass of the carrying phase and the component
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As in [1], we obtain an equation for conservation of the momenta of the phases, written in
differential form:
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(it was assumed that with the abrasion of particles with volume &(r —dr,r 4+ dr) , the momen-
tum of the r-th phase did not change, while the nuclear phase acquired the momentum
paravg (1) Y(r)dr). Here, f5o(r) is the force of interaction between the carrying phase and an
inclusion of size r (volume); F; is the external mass force, acting on the i~th phase (i =
1, 2, 3); and vir) is the velocity of the carrying phase on the surface of contact between
the phases.

2. We shall use the hypothesis that the fundamental thermodynamic characteristics are
additive with respect to the masses of the phases. As in [l, 2], we shall introduce the
surface component of the internal energy of the mixture, taking into account the surface
effect:

R
ou = pty + §+ (0%frts -+ ful) dr = paits,

T3
R 2
1 , 2 , v
MZQmﬁfgﬁﬁ{W#m%,

3
where u, u;, and uz(r) are the specific internal energy of the entire mixture and that of
the carrying and r-th phases, respectively; ug = 4ma’uy; uf and ug are the surface energies,
for a single inclusion and per unit surface, respectively; a is the radius of a particle; us
is the internal energy of a nucleus; K is the kinetic energy of the mixture. Reasoning as

in [1, 2], we obtain the differential equations for the internal energies of the phases and
the separation surface of the phases:
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where xi(lz)(r) are the fluxes of heat from the i-th phase to the matter undergoing the
transformation 1+2; qig(r) are the heat fluxes from the i-th phase to the surface separating
the phases; o is the surface tension of the interphase boundary; xs; and xs, are the heat
fluxes related to the formation of nuclei by different methods (homogeneous, heterogeneous,
and secondary paths); As; and Asy are the work of formation of a nucleus, per single inclu-
sion from the carrying phase and due to abrasion, respectively; the coefficient ¥;(r) shows
the fraction of the kinetic energy of the mixture transforming into the internal energy of
the i-th phase, due to the force interaction between the carrying phase and particles of

size r:
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0:1Q, and p3frQ, are the intensities of the volume sources of heat; a is the radius of a
particle.
We obtain a relation for the total derivative of the total energy of the mixture pE =
pu + pK

(2.5)
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Starting from the definition (2.5) and the equations for the components of the energy of the
mixture (2.1)-(2.4) and momenta (1.2)-(l.4), we present an explicit expression for the total
derivative of the total energy of the mixture in the form
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From the definition of dE/dt, it follows that the change in the total emergy of the mixture
is determined only by the external action. Then, the expressions on the right side (energy
source type) must equal zero:
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The work of formation of a nucleus out of the homogeneous phase on surfaces (dust particles,
impurities) equals, respectively, [3]
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where 8 is the contact angle. In order to specify the model it is necessary to determine
the energies xk(ij). We shall postulate these relations as follows:
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3. Let us assume that %=1, %) =0, reln, Rl, v, =), and qig = 4ma’By(Ty —
Ts5). Then, the system of equations describing the interpenetrating motion of the two-

phase polydispersed mixture taking into account the growth and formation of nuclei has the
form
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4. The additivity of the entropy of the mixture follows from the additivity hypothe-

sis:
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Using the Gibbs relations, having the form
48 G P4 Medhe Mg B
T T T, @ o -

S
pafr =33 -piT ' +Pz

dSl__f_

f
at T, df

d,
9 2
fTG dina?, ny Tt =%

[where ujx is the chemical potential of the k-th component in the carrying phase; c,¢ and
Ccis are the mass concentrations of the component and solvent (for simplicity, we assumed
that only a single component participates in the phase transition)], and the equations for
the heat inflows and conservation of the components (2.1)-(2.4), (1.1), and (3.1), we write
an explicit expression for the total derivative of the entropy of the mixture
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The first term in (4.1) (the expression in the first bracket) determines the increase in
entropy of the mixture due to the inflow of entropy from outside due to exchange with the
external medium, and the remaining terms determine the increase in entropy of the mixture
due to internal irreversible processes within a phase or between phases (always nonnegative)
and represent the sum of products of thermodynamic forces by thermodynamic fluxes. The
fluxes are assumed to be as follows: JKI = T% is the flux of viscous stresses; JF = fi2

is the flux of the mechanical interaction force between phases; J10 = gqig is the heat flux
from the i-th phase to the phase separation surface; J;.(r) = p3fndr is the flux of mass out
of the carrying phase into the r-th phase; Jis = p3rsls; is the flux of mass out of the
carrying phase into the nuclear phase; J,s = parsPdr is the flux of mass out of the r-th
phase into the nuclear phase. Let us enumerate the motive forces: Xkl = ekl/T, is the re-
duced tensor of the deformation velocities of the carrying phase; XT= [v,(r) — v} is the
motive force arising due to the fact that the phase velocities do not coincide; X1l =

(/13 — 1/T4) (4 =1, 2, j = 0, 3) is the motive force arising due to the temperature non-
equilibrium between the j~th and i~th phase;
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is the moving force of mass transfer of matter from the carrying phase into the r-th phase;
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is the motive force for transition of matter out of the carrying phase into the nuclear
phase;
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is the motive force for transition of matter out of the r-th phase into the nuclear phase
(secondary nucleation).

We introduce the notation: 045 = |[(Ty — Tg)/Tg|, Oig = | (Ty — Tg)/Ty|, where Tg is
the saturation temperature. For sufficiently small deviations of the phase temperatures
Ti (i = 1, 2) from the saturation temperature Tg (6ijg <€ 1, 0i5 < 1), the linearized (rela-
tive to deviations from the equilibrium state) equations of state of the phases have the
form

i1=i2s+Ah+Cl(T1“Ts)’ fy = lys + CoTy — T). (4.5)

Substituting (4.5) into the expressions for the motive forces (4.2) and (4.3), neglecting
terms higher than first order infinitesimals relative to Gj; and taking into account also
the relations [4]
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we represent the motive forces for growth and formation of crystals in the form
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The difference between (4.6) and the generally accepted expression for the motive force of
mass transfer stems from the presence of the two last terms, owing to the temperature and
velocity nonequilibrium of the phases. Due to the smallness of the mass of the nuclei,
the difference in the temperatures Ts; and T,;, the velocities v, and Vv; can be neglected;
then, the relation X;s coincides with the expression for the motive force of nucleation
(homogeneous, heterogeneous), obtained in [5], and is written in the form

2
chma

Xio=pe— ps — oire .
It has been determined empirically that secondary nucleation depends on the velocities of
the flow around a crystal, the surface tension force, and the temperature of the solution,

which agrees with relation (4.8).
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